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[CS99] , [FLM88, FHL93] .
1.1 $($ $)$
F2 $n$ $F_{2}^{n}$ , . $F_{2}^{n}$
$x=(x_{i}),$ $y=(y_{i})\in$ Fg , $\langle x,$ $y \rangle=\sum_{1=1}^{n}$ xiyi $mod 2$
. $x=(x_{i})\in$ (weight) wt $(x)=|\{i|x_{i}\neq 0\}$ I . $F_{2}^{n}$
(length) $n$ ( ) (code) .1 $C$ (dual
code) $C^{\perp}$ $C^{\perp}=\{x\in F_{2}^{n}|\langle x, y\rangle=0, \forall y\in C\}$ . $C$
(doubly even) $C$ $x$ wt $(x)\in 4\mathbb{Z}$ ,
(self-dual) $C=C^{\perp}$ . $n$ $C$ $\mathcal{D}$ ( )
, $g(C)=\mathcal{D}$ $n$ $g$ .
,$\ovalbox{\tt\small REJECT}$ $\Omega_{n}=\{1,2, \ldots,n\}$ $\mathcal{P}(\Omega_{n})$ .
1 , .
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1.2
$\mathbb{R}$
$n$ $\mathbb{R}^{n}$ , $($ , $)$ ( ) . $v\in \mathbb{R}^{n}$
, $(v, v)$ $v$ (norm) . $L\subset \mathbb{R}^{n}$ (rank) $n$ (lattice)
, $\mathbb{R}^{n}$ $e_{1},$ $e_{2},$ $\ldots,$ $e_{n}$ $L=\oplus_{i=1}^{n}\mathbb{Z}e_{i}$ .
$L$ (dual lattice) $L^{*}$ $L^{*}=\{w\in \mathbb{R}^{n}|(v, w)\in \mathbb{Z}\forall v\in L\}$ .
$L$ (even) $L$ ,
(unimodular) $L=L^{*}$ . $n$ $L,$ $N$
, $g(L)=N$ $g\in O(\mathbb{R}^{n}, (, ))$ .
1.3
1.1. [Bo86, FLM88] (vertex operator algebra)2 $\mathbb{Z}_{\geq 0}$-
$\mathbb{C}$
$V=\oplus_{i=0}^{\infty}V_{i}$ ,
$Y:V$ $arrow$ $(EndV)[[z, z^{-1}]]$ ,
$v$ $\mapsto$
$Y(v, z)= \sum_{i\in Z}v_{i}z^{-i-1}$ ,
(vacuum vector) lv $\in V_{0}$ (Virasoro element)
$\omega_{V}\in V_{2}$ $(V, Y, 1_{V},\omega_{V})$ .
(1) $p\in \mathbb{Z}_{\geq 0}$ $\dim V_{p}<\infty$ .
(2) $a,$ $b\in V$ , $p_{0}\in \mathbb{Z}$ $a_{p}b=0(p>p_{0})$ .
(3) $v\in V$ $Y(v, z)1_{V}\in v+Vz[[z]]$ .
(4) (Borcherds identity) $a,$ $b,$ $v\in V,$ $p,$ $q,$ $r\in \mathbb{Z}$ .
$\sum_{i=0}^{\infty}(\begin{array}{l}pi\end{array})(a_{r+i}b)_{p+q-i}v=\sum_{i=0}^{\infty}(-1)^{i}(\begin{array}{l}ri\end{array})(a_{p+r-i}(b_{q+i}v)-(-1)^{r}b_{q+r-i}(a_{p+i}v))$ .
(5) $L(p)=(\omega_{V})_{p+1}$ , (central charge) $n\in \mathbb{C}$ .
$[L(p), L(q)]=(p-q)L(p+q)+ \frac{p^{3}-p}{12}\delta_{p+q,0}n$ .
(6) $v\in V_{p}$ $L(O)v=pv$ .
(7) $v\in V$
$\frac{d}{dz}Y(v,$ $z)=Y(L(-1)v, z)$ .
2 VOA .
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VOA $V,$ $V’$ $g:Varrow V’$
.
$\bullet$ $gY(v, z)=Y(gv, z)g$ $v\in V$ .
$\bullet g\omega_{V}=\omega_{V’}$ $g1_{V}=1_{V’}$ .
2
, .
2.1
, . [CS99] .
$n$ $C$ .3
1
$A_{2}(C)$ $:=$
$\overline{\sqrt{2}}^{\{(v_{i})}\in \mathbb{Z}^{n}|(v_{i} mod 2)\in C\}\subset \mathbb{R}^{n}$ ,
$B_{2}(C)$ $:=$ $\frac{1}{\sqrt{2}}\{(v_{i})\in \mathbb{Z}^{n}|(v_{i} mod 2)\in C, \sum_{i=1}^{n}v_{i}\in 4\mathbb{Z}\}\subset \mathbb{R}^{n}$,
$L_{2}(C)$ $;=$ $\{\begin{array}{ll}B_{2}(C)+\mathbb{Z}_{\sqrt{22}}^{1}(1,1, \ldots, 1) n\in 16\mathbb{Z},B_{2}(C)+\mathbb{Z}_{\overline{2}}^{1_{2}}T(-3,1,1, \ldots, 1) n\in 16\mathbb{Z}+8.\end{array}$
, $L_{2}(C)$ $n\in 8\mathbb{Z}$ . $C$ $A_{2}(C),$ $B_{2}(C)$
$A$ , $B$ .4
21. 24 $G_{24}$ , $L_{2}(G_{24})$ .
22. $n\in 16\mathbb{Z}$ $v=_{\overline{2}}^{1}\tau_{2}^{(1^{n})}\in B_{2}(C)^{*},$ $n\in 16\mathbb{Z}+8$ $v=_{\overline{2}}^{1_{2}}7(-3,1^{n-1})\in$
$B_{2}(C)^{*}$ .
(1) $B_{2}(C)^{*}=A_{2}(C^{\perp})+\mathbb{Z}v$
(2) $C$ , $A_{2}(C)$ $B_{2}(C)$
$L_{2}(C)$ .
(3) $C$ , $A_{2}(C^{\perp})$ 2 $B_{2}(C)$
( ) $L_{2}(C)$ . J
$w\in B_{2}(C)^{*}\backslash A_{2}(C^{\perp})$ $L_{2}(C)\cong B_{2}(C)+\mathbb{Z}w$ .
3 , .
4 $L_{2}(C)$ . $C$ $[$CS99] .
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2.2 $A_{2}(C)$ $B_{2}(C)$
$A_{2}(C)$ $B_{2}(C)$ , .
2.3. $C$ $\mathcal{D}$ .
(Ll) $A_{2}(C)\cong A_{2}(\mathcal{D})$ ?
(L2) $B_{2}(C)\cong B_{2}(\mathcal{D})$ ?
$($L3$)$ $B_{2}(C)\cong A_{2}(\mathcal{D})$ ?
[KKM91] , (Ll) .
2.4. [KKM91] $C$ $\mathcal{D}$ . $A_{2}(C)\cong A_{2}(\mathcal{D})$
$C\cong \mathcal{D}$ .
, (L2) , $n>16$ .
2.5. $[$KKM91$]$ $C$ $\mathcal{D}$ 16 . , $B_{2}(C)\cong$
$B_{2}(\mathcal{D})$ $C\cong \mathcal{D}$ ,
16 , $H_{8}\oplus$
$H_{8},$ $d$ . , .
2.6. [KKM91] $B_{2}(H_{S}\oplus H_{8})\cong B_{2}(d_{16}^{+})$
16 ([PLF97, CS99]) ,5
2.7. $C$ $\mathcal{D}$ 16 . , $B_{2}(C)\cong B_{2}(\mathcal{D})$
$C\cong \mathcal{D}$ $C$ $\mathcal{D}$ 16 .
.
28. $C$ $\mathcal{D}$ . , $B_{2}(C)\cong B_{2}(\mathcal{D})$
.
$\bullet C\cong \mathcal{D}$ .
$\bullet$ $C$ $\mathcal{D}$ 16 .
(L3) .
$n$ $\mathcal{E}$ $\mathcal{P}(\Omega_{n})$ . $n=4l,$ $l\in \mathbb{Z}$ .6 ,
$\{T_{i}|1\leq i\leq l\}\subset \mathcal{P}(\Omega_{n})$ $\mathcal{E}$ tetrad$arrow$ .7
5 .
6 , tetrad- $n\in 4\mathbb{Z}$ .
$\tau_{n=4l}$ $\sum_{=1}^{l}T_{i}=\Omega_{n}$ .
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$\bullet|T_{i}$ $T_{j}|=4\delta_{ij}$ .
$\bullet T_{i}+T_{j}\in \mathcal{E}$ .
, tetrad- $\{T_{i}|1\leq i\leq l\}$ $B$ .
$\bullet T_{i}\not\in \mathcal{E}$ $T_{i}\in \mathcal{E}^{\perp}$ .
(L3) .
29. [Sh] $C$ $\mathcal{D}$ $n$ . $B_{2}(C)\cong A_{2}(\mathcal{D})$
$C\cong F_{2}(T_{1},$ $\mathcal{D}\rangle$ $B$ $\mathcal{D}$ tetrad- $\{T_{i}\}$
.
.
2.10. [Sh] $C$ $n$ . , $C$ $B$ tetrad- $\{T_{1}\}$
$|\{c\in d+C| wt(c)=4)\}|=n/4+|\{c\in C| wt(c)=4\}|$
$d+C\in C^{\perp}/C$ .
2.3 $L_{2}(C)$
$L_{2}(C)$ .
211. $C$ $\mathcal{D}$ .
(1) $L_{2}(C)\cong L_{2}(\mathcal{D})$ ?
(2) $L_{2}(C)\cong A_{2}(\mathcal{D})$ ?
(3) $L_{2}(C)\cong B_{2}(\mathcal{D})$ ?
(1) , [KKM91] .8
212. $C$ $\mathcal{D}$ 32 . $L_{2}(C)\cong L_{2}(\mathcal{D})$
$C\cong \mathcal{D}$ .
, $n=24$ $n=32$ $n$ $C,$ $\mathcal{D}$
$L_{2}(C)\cong L_{2}(\mathcal{D})$ $[$KKM91$]$ . (1)
.
213. 32 $(C,$ $\mathcal{D})$ $L_{2}(C)\cong L_{2}(\mathcal{D})$
.
8 (2), (3) $\ovalbox{\tt\small REJECT}$ .
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3
VOA , .
3.1
VOA . [FLM88] .
$L$ $n$ . $\mathfrak{h}=\mathbb{C}\otimes_{Z}L$ ,
$=\mathfrak{h}\otimes_{\mathbb{C}}\mathbb{C}[t,$ $t^{-1}]\oplus \mathbb{C}K$ .
$\hat$ $\hat$
-
$=\mathfrak{h}\otimes_{\mathbb{C}}t^{-1}\mathbb{C}[t^{-1}]$
$S(\hat{\mathfrak{h}}^{-})$ . $\mathbb{C}[L]$ $L$ .
3.1. [Bo86, FLM88] $V_{L}=S(\hat{\mathfrak{h}}^{-})\otimes_{C}\mathbb{C}[L]$ $VOA$ .
VOA $V_{L}$ $L$ (lattice VOA) .
VOA . $-1\in$ Aut$(L)$ $\theta\in$ Aut $(V_{L})$ 9. ,
$V_{L}^{+}=\{v\in V_{L}^{+}|\theta(v)=v\}$ VOA .10 2
VOA $\mathbb{Z}_{2}$- ( $\mathbb{Z}_{2}$-orbifold model)
.
$n\in 8\mathbb{Z}$ . , twisted $V_{L}^{+}$- $V_{L}^{T,+}$
.11 , $\sqrt{2}L^{*}$ [ADL05] $V_{L}^{T,+}$
.
3.2. $[$FLM88, Hu96, LY08$]$ $L$ $\sqrt{2}L^{*}$ . $V_{L}^{+}$
$V_{L}^{T,+}$ . $\tilde{V}_{L}=V_{L}^{+}\oplus V_{L}^{T,+}$ $V_{L}^{+}$
$VOA$ .
VOA $\mathbb{Z}_{2}$- ( $\mathbb{Z}_{2}$-orbifold construction)
.12
33. A , $\tilde{V}_{\Lambda}$ VOA .
34. (1) $L$ $T$ , $V_{L}^{T,+}$
.
(2) $L$ $T$ . $\sqrt{2}L^{*}$
$T$ $\tilde{V}_{L}$ $V_{L}^{+}$ VOA
.
$\overline{9_{1arrow Hom(L,\mathbb{Z}/2\mathbb{Z})arrow Harrow Aut(L)arrow}}1$ Aut $(V_{L})$ $H$ .
$-1\in$ Aut$(L)$ $\theta$ .
$10\theta$ , $V_{L}^{+}$ $([DGH98|)$ .
1ltwisted , $\theta$-twisted $V_{L}$- $V_{L}^{+}$ - . $L$
, twisted $V_{L}^{+}$ - , ,
.
$12>2L^{*}$ $L$ ,
.
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3.2 $V_{L}$ $V_{L}^{+}$
VOA $V_{L}$ $V_{L}^{+}$ , .
35. $L,$ $N$ $n$ .
(Vl) $V_{L}\cong V_{N}$ ?
(V2) $V_{L}^{+}\cong V_{N}^{+}$ ?
(V3) $V_{L}^{+}\cong V_{N}$ ?
(Vl) .13
3.6. $L,$ $N$ $n$ . , $V_{L}\cong V_{N}$
$L\cong N$ .
.
3.7. $(V_{L})_{1}$ $N(V_{L})=\{\exp(v_{0})|v\in(V_{L})_{1}\}$
.
, (V2) . $L\cong N$ $V_{L}^{+}\cong V_{N}^{+}$ . , 16
$E_{8}\oplus E_{8}$ $D$ .
3.8. [Sh06, Sh07] $V_{E_{8}\oplus E_{8}}^{+}\cong V_{D_{16}^{+}}^{+}$ .
, 16 $E_{8}\oplus E_{8}$ $D_{16}^{+}$
([CS99]). [Sh] ,
, (V2) .
3.9. [Sh] $L,$ $N$ . $V_{L}^{+}\cong V_{N}^{+}$
.
$\bullet L\cong N$ .
$\bullet$ $L,$ $N$ 16 .
. $(\Rightarrow)$ . $V_{\overline{N}}$ $V_{L}^{+}$-
3 .
Case l: $V_{N}^{-}\cong V_{L}^{-}$ . $[DM04]$ $\cong V_{N}$ . (Vl)
$L\cong N$ .
Case 2: $V_{N}^{-}\cong V_{\lambda+L}^{\epsilon}$ . [Sh04, Sh06]
, $g\circ V_{L}^{-}\cong V_{\lambda+L}^{e}$ $g\in Aut(V_{L}^{+})$ . $g\circ V_{L}\cong$
$V_{L}^{+}\oplus V_{N}^{-}\cong V_{N}$ $V_{L}^{+}$- , [DM04] VOA
13 , .
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$g\circ V_{L}\cong V_{N}$ . $g\circ V_{L}\cong$ VOA .
$\cong V_{N}$ (Vl) $L\cong N$ .
Case3: $V_{N}^{-}\cong V_{L}^{T_{\chi},\epsilon}$ . , $L$ 8 16 .
, twist , $\sqrt{2}L^{*}$ .
, $L$ $E_{8}$ BW16
. $L$ 16 [Sh06] Case
2 $L\cong N$ .
[Sh] (V3) .
310. [Sh] $L,$ $N$ . $V_{L}^{+}\cong V_{N}$ $L\cong B_{2}(C)$
$N\cong A_{2}(C)$ $C$ .
.
3.11. [Sh06] $L$ $n$ . $L\cong B_{2}(C)$
$|\{v\in\lambda+L|(v, v)=2\}|=2n+|\{w\in L|(w, w)=2\}|$ $\lambda\in L^{*}\cap L/2$
.
3.3 $\tilde{V}_{L}$
14
312. $L,$ $N$ $\tilde{V}_{N}$ $VOA$ .
$\bullet$
$\tilde{V}_{L}\cong\tilde{V}_{N}$ ?
$\bullet$ V
$\sim$
L
$\cong$ V ?
$\bullet$ $\tilde{V}_{L}\cong V_{N}^{+}$ ?
4
.
$A,$ $B$ $[$KKM91] ,
$L,$ $N$ .
$\bullet$ $L\cong A_{2}(\mathcal{E}),$ $N\cong B_{2}(\mathcal{E})$ $\mathcal{E}$ .
$\bullet$ $L\cong \mathbb{Z}\langle N,$ $\alpha_{1}\rangle$ $N$ $B$ $\{\pm\alpha_{i}\}$ .
, 1 . ,
. $V_{L}$ $A_{2}(C),$ $V_{L}^{+}$ $B_{2}(C)$ .
14 $L$ $\tilde{V}_{L}$ VOA
, . , $\overline{V}_{L}$ VOA ([DGM90]
$)$ .
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